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Abstract

For any graph G, let V(G) and E(G) denote the vertex set and edge set of G respectively. The
Boolean function graph B(G, L(G), NINC) of G is a graph with vertex set V(G) UE(G) and two vertices
in B(G, L(G), NINC) are adjacent if and only if they correspond to two adjacent vertices of G, two
adjacent edges of G or to a vertex and an edge not incident to it in G. For brevity, this graph is
denoted by B;(G). In this paper, Connected edge domination and total edge domination numbers
of Boolean Function Graph B(G, L(G), NINC) of some standard graphs are obtained.
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1. INTRODUCTION

Graphs discussed in this paper are undirected and simple graphs. For a graph G, let V(G) and E(G)
denote its vertex set and edge set respectively. A subset D of V is called a dominating set of G, if every
vertex not in D is adjacent to some vertex in D. The domination number y(G) of G is the minimum
cardinality taken over all dominating sets of G. An edge e of a graph is said to be incident with the vertex
vif vis an end vertex of e. In this case, it can also be said that v is incident with e.

A subset F c E is called an edge dominating set of G, if every edge not in F is adjacent to some edge
in F. The edge domination number y'(G) of G is the minimum cardinality taken over all edge dominating
sets of G. An edge dominating set X of G is called a total edge dominating of G if the induced subgraph
(X)has no isolated edges.

The total edge domination numbery, (G) of G is the minimum cardinality taken over all of total edge
dominating sets of G. An edge dominating set X of is called a connected edge dominating sets of G, if the
induced subgraph (X)is connected. The connected edge domination number y.'(G) of G is the minimum
cardinality taken over all connected edge dominating sets of G. The concept of edge domination was
introduced by Mitchell and Hedetniemi [6]. Arumugam and Velammal [1] have discussed edge
domination number and edge domatic number. Vaidya and Pandit [7] determined edge domination
number of middle graphs, total graphs and shadow graphs of P, and C,. For graph theoretic notations
and terminology, Harary [2] is followed.
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For areal x, | x] denotes the greatest integer less than or equal to x.
Theorem 1.1. [6] For any (p, q) graph G, y'< Lp/2]

Therorem 1.2. [3] G and L(G) are induced subgraphs of B,(G)

Theorem 1.3.[3] Number of vertices in B;(G) is p+qg and if d;= degg(vi), vieV(G), then the number of
edges is By(G) is q(p-2)+ %X i<icp di”.

Theorem 1.4.[3]The degree of a vertex of G in B;(G) is g and the degree of a vertex e’ of L(G) in B;(G) is
degig(e’) + p - 2. Also if d*(e’) is the degree of a vertex e'of L(G) in B;(G), then 0 < d*(e’) < p+g-3. The
lower bound is attained, if G = K, and the upper bound is attained, if G =K, , forn> 2.

Theorem 1.5. [3] B;(G) is disconnected if and only if G is one of the following graphs: nKj, K,, 2K, and
K,unKy, forn> 1.

In this paper, connected edge domination numbers of Boolean Function Graph B(G, L(G), NINC)
of some standard graphs are obtained.

2. Connected edge domination in B(G, L(G), NINC) of a Graph

In the following connected edge domination number of B;(P,), B1(C,),B1(Ky) B1(K1,n)B1(W,) are found.
Theorem 2.1. For the Path P,on vertices (n >4),y." (B1(P,)) =2n-3

Proof: Let vy, v,,...,v, and ey, €33, ..., €n.1,n be the vertices and edges of P, respectively. Then vy, vy, ...,
Vi, €12, €23, -.€n.1,n €V((B1(Pn)) wheree,iss = (Vi, Vis1), i=1, 2, ..., n -1.B4(Pn) has 2n-1 vertices and n® — n-1
edges.

Let Fr, ={(vivi) / 1 <i< n, j= (i+m) (mod (n-1)),k = i+(m+1)(mod(n-1))} and

F=(UL2 Fm) U {(v1, 1), (Va€na, n1)}- Then E(By(P,)) = E(P,) U E(Py1) UF.

1D "= {UISE (0, €141,042)s (€1,041,€i41,i+2) 1 {(Va, €12)}, then D' E(By(Py)). D’ dominates

edges of P,,P,.; andF. D’ is anedge dominating set of B;(Pn). Also,<D'>= P, ,".

Therefore, D' is a connected edge dominating set of B;(Pn) and hence

v¢ (B1(Pn))$|D’'|=2(n-2)+1=2n-3.Let D" be a minimum edge dominating set of B;(Pn) .To dominate the
edges of B;(Pn). D”contains atleast (n-2)edges of L(Pn) and hence

|D’|2 n-2+n-1 = 2n-3.Therefore, y. (B1(P,)) =2n-3.

Remark:2.1y. (B4(Ps)) =3

Theorem:2.2. For the Cycle C,on n vertices (n > 5) vertices, y.' (B1(Cy)) =2n-3.

Proof: Let vy, v,, ...,v, be the vertices and ej;, €53, ..., €41, n,€n1 are the edges of B;(C,) where

€, 1= (ViVis1), i=1,2,...,n=1, en= (Va, v1). B1(Cn) has 2n vertices and n* edges.

Let Fu={(vi, ex) /1 <i<n, = (i+m)(mod n), k= (i+(m+1))(mod n), eg; = en1}and F :U&;Zl Fm

B1(C) = E(2C,)U F.|E(B1(Ca)) [=2n +n(n-2) = n” Let D = ULS{( Vi, €iativ2 )b (€011, eppr i)V 1l
1,€12)}. Then D’ is a edge dominating set of B (C,).

Also < D’>= P,,". Therefore,D’ is a connected edge dominating set of B, (C,).
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v (B1(Cy)) £ |D’| =2 (n-2) + 1 = 2n — 3. Let D" be a minimum connected edge dominating set of B, (C,).
D" contains atleast (n-1) edges of F and (n-2) edges of L(C,).|D"| = 2n-3. Therefore, v/ (B1(C,)) = 2n-3.

Remark: 2.2
(i) 7" (B1(C3)) =5
(ii) y¢' (B1(C4)) =6

Theorem:2.3. For the complete graph K, on n (n25) vertices, y.'(B1(K.)) = (n+3) (n-2) /2.

Proof:Let v;, vy, ..., vybe the vertices of Kn,and E(K.) = {e; = (viv;)/ 1<i<n,1<j<n,i # j} By(K,) has
n(n+1)/2vertices. E(B:(K.)|=|E(K,)|+]|E(L(K.) |+ n(n-1) (n-2)/2 = n(n-1) (2n-3)/2 . Let F,
=Uj_3{(v1 €2)), F2 =Uj_4{(vz,€3))}, F3=Uj_s{(v3,e4;)}

o Frs=URL3{(Wnos n—2,)} Fo2 =Ul sy jn—o{ (Wn—2,€1))}, Fra =UJZH{(01 v141)}

and let F =U}Z}' F;. Then F c E(B1(Kn)). F is a dominating set of By(K,). Let P, be the path induced by the
vertices vy v, V, . < F > is a graph obtained by attaching n-2, n-3, n-4, ..., 2 and n-2 pendant edges at v;,
Vy, ., Vn3, Vna Of P, respectively. Therefore, F is a connected edge dominating set of B;(Kn) and hence,
v (By(Kn) <|F|=|UMLFi|=(n-2)+(n-3)+..42+ n-2+n-1=(n-1)n/2-14n-2 = (n*-n-2+42n—4) /2 =
(n>+n-6)/2=(n+3)(n-2) / 2. Fis alsoa minimum connected edge dominating set of B;(K,) and hence
v¢'(B1(Ky)) = (n+3) (n-2) /2.

Remark: 2.3
(i) v (Ba(Ks)) =5

(i) v¢' (B1(Ka)) = 6
Theorem:2.4. For the star K;,n on (n+1) vertices (n24), y.' (B1(Ky,n)) = n+1.

Proof: Letv, vy, v,,... ,v, be the vertices of K;, with v as the central vertex. Lete;= (v, vi),i =1, 2, 3, ..., n be
the edges of K;, Then vy, vy,...,v,, €1, €,,...., €, €V((B1(Ky,n)).B(Ky,n) has 2n+1 vertices andn(3n-1)/2
edges.

Let D'= { U7 (esi41 )} W {(v,v1), (V1 €,)} . Then |D’|= n+1. The edge (v,v1) in D' dominates all the
edges of G and the edges U?;ll(ei,eiﬂ ), (v1, e,) dominate remaining edges of K;, and<D'>= P,.,.
Therefore, D' is a connected edge dominating set of B;(K;,n) and hence

Y (B1(Ky,n) £|D’|= n+1. Let D” be a connected edge dominating set of k; .. To dominate edges of k; , ,D”
contains one edge of k;, and to dominate n(n-1) edges of the form (v;e;) (e; is not incident with v;). D"
contains atleast (n-1) edges. Since <D"> is connected, D" contains one more edge and hence |D’| 2 n+1.
Therefore,y." (B; (Ky,n)) = n+1.

Therorem 2.5: For the Wheel W, on n vertices (n 2 5),y." (B; (W,)) = 3n-5.

Proof: Letv,,v, ..., vobe the vertices of W, with v; as the central vertex ande,, ey, ..., €15, be the edges of
Bl(Cn) Where €1,i+1 = (Vilvi+1)l I = 2131 -y N Then Vi, V2, ...,Vn, €12,€13, ..., eln, €23, ..., €m2 € V((Bl(Wn))Bl(Wn)
has 2n-1 vertices and (n-1) (3n-4) / 2 edges.

Let F1=U?:_11{(17i, Vit )b Fa :U?:_zz{(vi,ei+1,i+2)}
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Fi= U:l 2 {( €i)i+1,€1,i )1V (en 1,n e1n)

Let D' = F, U F,UF; F; and F, dominates all the edges of W, and edges of the form

( viej) where ey is not incident with v;. F;UF; dominates all the edges of L(W,). Therefore, D’ is a edge
dominating set of By(W,). |D’| £ n-1+n-2+n-2 = 3n-5. <D'> is a graph obtained from P,," by subdividing
each pendant edge and then attaching a path of length 2 at a pendant vertex of P,,. D'is a connected
edge dominating set of By(W,,).

Let D" be a minimum connected edge dominating set of B;(W,). To dominate edges of W, and edges of
the form (v; ej) and to maintain connectedness of <D">, D" contains atleast (n-1) edges of W,, (n-2)
edges of the form (v;,e;) and(n-2) edges of L(W,,).

Therefore, |D’| 23n-5. Hence,y.' (B:(W,)) = 3n-5.

Remark:2.4Since every connected edge dominating set is also an edge dominating set of a graph G,y’
(B1(G)) < v (B4(G))

Remark: 2.5 Any connected edge dominating set is also a total edge dominating set and hence
7' (B1(G)) < v (B1(G)).
3.Total edge dominationin B(G, L(G), NINC) of a Graph

In the following total edge domination number of By(P,), B1(C.),B1(Ky1,n)B1(W,) are found.
Theorem: 3.1 For thePath P,on n (n>4) vertices, ¥t (B1(P,)) <

Proof: Let vy, vy, ..., vV, be the vertices and e;,i+1= (vi,Vi+1) (i =1, 2, ..., n-1) be the edges of P,. Then v,,
V3, - Vn, €12, €23,..., En. 1,neV( 1(P)). B1(P,) has2n-1vertices and n’- n -1 edges.

Case (i): nis even

n 2/2

! 2 n r
LetD' = U?z/l{(VZi_l,VZi)} and D'’ = {(V21+1, €211 21)} and D=D'UD"{(V; enzn1)}

Then D < E (B4(P,)) and |D|=%+nz;2 +1 =n. Dis an edge dominating set of B;(P,) and <D >;% Ps
with central vertices vy, vy, ..., Vi1 respectively.

Therefore, D is a total edge dominating set of B, (P,) and hence vt (B1(P,)) <|D|=n

Case(ii): nis odd

, -1/2 1" 3/2
Let F'= U_, /{(Vzl 1, V2i)}and F' =U. /{(V21+1'e21 12i)}

and let F = F'U F"U {(Vn1, Va) ( Vi, €n2,n1)} then F < E (By(P,)) and |F|= —1 73+2 =n. Fisan edge

. -3 .
dominating set of B;(P,) and < F >;nT P;\UP, where the central vertices ofP3 arevy, Vy, ..., Vaaand Py is

induced by the edges (Vi-2, Vn-1), (Vn1, V) @and (v, €4.4,n-3). Therefore, F is a total edge dominating set of
B; (P,) and hence v’y (B1 (P,)) <|F|=n
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Example:
(1) Let V(P8) = { Vi, V2, ..vy VS} and E(PS) = {((Vilvi+1) (I = 11 21 ey 7)

Then D = {(va, V2) (v3,Va) (vs,Ve) (v7,Vs) (V1, €67) (V3, €12) (Vs5, €34) (v7,€56)} is an edge dominating set
ofB;(Pg) and Dc E (B1(Pg)) and <D>= 4 Ps. D is a total edge dominating set of B;(Pg). Therefore, y'+(B1(Ps))
<8.

(2) Let V(P7) = { Vi, V2, ..., V7} and E(P7) = {((Vi,Vi+1) (l = 1, 2, ey 6).

Then D = {(Vl, Vz) (V3’ V4) (V5’ VG) (VG’V7) (Vl’ e56) (V3, elz) (VS, e34)}i5 an edge domination set of B]_(P7) and
Dc E ( B4(P;) and <D>x=2 P; U P,and D is a total edge dominating set of B,(P;). Therefore, y'+(B1(P;)) < 7.

Theorem:3.2 For the cycle C,on n( n >3) vertices, y'«(B1(C,)) <n, if nis even
<n+1, if nis odd

Proof: Let vy, vy, ..., V, be the vertices and e;,i+ 1= (v;,vi+1) (i=1, 2, ..., n-1) and e, = (v, v41) be the edges of
Cn. Then vy, vy, ...V, €12, €23,..., €n-1,n€n1 €V(B1(Cp)).B1(C,) has2nvertices and n’ edges.

Case (i): nis even
’ 2 ’" —-2)/2 ' "
LetD' = U?=/1{(V21—1IV21)} and D" = Ui(il / {(v2is1, €2i-1,21)} and D = D'U D"{ ( Vi, €nzn1)}

Then D < E (B4(C,)) and |D|=g+nz;2 +1 =n. Dis an edge dominating set of B4(C,) and <D >;% Ps
with central vertices vy, vy, ..., Vi1 respectively.

Therefore, D is a total edge dominating set of B; (C,) and hence y'«(B:(C,)) <|D|=n.

Case(ii): nis odd

LetF' = U?ﬁ{(Vzi—erm)}

P =US D2 ((vaier, €2im1,2)Jand let F= FUF"U{(v, e, o)} then F C E (By(C,)) and [F|=2+=+1=
n+1l. D is an edge dominating set of B;(C,) and < D >;nz;3 P;\UPs where the central vertices ofP; arevy,

V3, ..., Vhqand Ps is induced by the edges (vn.2, V1), (Vn1, Vo) @and (v €nan1)and (Vna, €n4n3). Therefore,
D is a total edge dominating set of B; (C,) and hence y't(B1(C,)) <|D|= n+1.

Theorem: 3.3 For the star K; , on (n+1) vertices (n>3), y'«(B1(Ky,)) £ n+1
Proof: Let vy, vy, v3, ..., Vni1 be the vertices of Ky ,, with v; as the central vertex. Let

€141 = (Vl, Vi), i=2 , 3, veey n+1 be the edges of Kl,n- Then V1,V2, ..., Vhi1, €12, €13 ...y €1041 EV(Bl(Kl,n)).Bl(Klyn)
has 2n + 1 vertices and 2n+1 and (n(3n-1))/2 edges.

Case(i): nis odd
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' 3)/2 '
Let D' = Ufi; 2((v;, e2i-2), (e1,2i—2,€12i—1)} Where e; .o = eppand let D = D'U {(vy, V,), (v,€13)}Then D

C E (By(Ky, ) and|D|=2[
1, . . o
<D>;%p3 with central vertices v, €14 €16 ... €141, Therefore D is a total edge dominating set of By(Ky, n)

and hence y'¢(B1(Ky,)) <|D|= n+1.

—2]+2 =2(nz;1)+2 = n+l. D is an edge dominating set of B,;(K; ,) and

case(ii): nis even

, +2/2 ,
Let F'= U, / {(vi, e12i-2), (€12i-2, €12i-1)} and F=F'U{(v1, v2) (V2 €13) (€1, nu1, €12)}
n+2
2
n—2 . ..
<D>;TP3 UP,4, where the central vertices of P; are v, ey €56 ... €102 and the P4 is induced by the

Fc E(Bi(Ky, o) and |F|=2 [ —2]43 =n -243 = n+l. D is an edge dominating set of By(K;, ,) and

edges (Vn.2, €1n) (€1n, €1041) (€1, n41, €12) . Therefore, D is a total edge dominating set of By(Ky,,) and hence
Y'¢(B1(Ky,n)) <|D|= n+1.

Theorem:3.4 For the Wheel W,(n> 5) on n vertices, ¥'; (B1(W,)) <2n -2
Proof:Let vy, vy, V3, ..., Vs be the vertices of W, with v, as the central vertex. Let

ei=(v,vi)(i=2,3,..,n) and e 1= (vyvia) (i =2, 3, .., n-1) ez = (v, v2) be the edges of W, Then
V1,V2, .y Vi, €12, €13 ., €10,€12, €23,0, €n-1,n€n2 €V(B1(W)).B1(Wn) has n+ n -1+n-1= 3n - 2 vertices and (n-
1)(3n- 4))/2 edges.
Case(i): nis even

, 2
LetD' = U?=/3 (vi) e12i-2), (e12i-2 €12i-1)}
D" = U?:z {(V%H' €2i-3 ,21—2) (€2i-32i-2, €2i—2, 2i—1)}and let D=D"U D"U {(vy,Va), (V3 €13) (Voj241, €1n),
(€1n €n2)} then D C E (B;(W,)) and |D|=2(n/2-2) + (n/2 -1) +4 = 2n — 2. D is a total edge dominating set
of B;(W,) and <D>= (n-1) P; with central vertices v,, €14 €16 ... €12, €12, €34 - € n3.n-2.
Case(ii): nis odd

, +1)/2
LetF' = Ufig x4 {(Vi: e1,21—2). (e1,2i-2, €12i-1)}

n—1

F'=U2 {(Vmﬂ, €2i—1 ,21) (e2i—1,2i» €2i, 2i+1)}and let F=F'U F"U {(v4,v3), (v2, €13) F < E (B1( W,)) and
2

|F|= 2 (n+1/2 -2) +2(n-1/2) +2 = 2n — 2. F is a total edge dominating set of B;(W,) and < F>x(n-1)
P;Therefore, F is a total edge dominating set of B;(W ) and hence y'«(B1(W,)) <|F|=2n-2.

Theorem:3.5 G have a perfect matching, Y': (B1(G)) <2 B1(G) if B1(G) >0(L(G))
< 200(L(G)) if B1(G) <ao(L(G))

Proof: Let K cE(G) be a perfect matching such that |K|=k = B1(G). Then KcE(B4(G)).
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Let K = {(vy, u1) (Vo Uz), ..., (v Ui)}. Let M be a point cover of L(G) and let | M| = ao(L(G))=m ={ey, €; ..., em}
Case: (i) k> m ( B1(G)>aw)

Choose one of u; and v;. Let it be v; (i= 1, 2, ... ,k). Choose a distinct vertex e; in M such that the
corresponding edge in G is not incident with v; Then the edge (v;,u;) €E(B1(G)). Let L be the set of all
these edges. |L|=k. Then Lc E(B4(G)). Let D = KU LcE(B4(G)). K dominates all the edges of G inB;(G) and
edges of the form (w, e) where ecE(G) is not incident with we V(G). L dominates all the edges of L(G).
Therefore, D is an edge dominating set of B1(G). Also < D> contains no isolated edges. Therefore, D is a
total edge dominating set of B1(G) and hence y';(B1(G)) < |D|=| KU L| =2K=2 B4(G) .

Case(ii): k £ m, that is B1(G) >0,(L(G)). For each vertex e;eM, choose a vertex u;(or) v;, which is not
incident with e;. Then the edge (v;, e;) €E(B1(G)). Let N be the set of all these edges. |N|=m, NCE(B,(G)).
Then the set D’ = KU N is a total edge dominating set of B1(G) as in case(i). Therefore, y';(B1(G)) < | D’ | =|
KU N| =B1(G) + m = B1(G) + ao(L(G)<aio(L(G)).

Therefore, v'; (B1(G)) < 2 B1(G) if B1(G) >0(L(G))
<200(L(G)) if B1(G) <au(L(G)).
4. CONCLUSION

In this paper, connected edge and total edge domination numbers of Boolean Function
GraphB(G,L(G),NINC) of paths, cycles, complete graphs, stars, wheels are obtained.

REFERENCE:

[1]. S Arumugam and S.Velammal, Edge domination in graphs ,Tairwanese Journal of Mathematics,
Vol.2, pp.173-179,1998.
[2]. Harary F, Graph Theory, Addison, — Wesley Reading Mass.,1969.
[3]. T. N. Janakiraman, S.Muthammai, M.Bhanumathi, On the Boolean Function Graph of a Graph and on
its Complement,MathematicaBohemica, 130(2005), No.2, pp. 113-134.
[4]. T. N. Janakiraman, S. Muthammai, M. Bhanumathi, Domination Numbers on the Boolean Function
Graph of a Graph, Mathematica Bohemica, 130(2005), No.2, 135-151.
[5]. T.N.Janakiraman, S.Muthammai, M. Bhanumathi, Domination Numbers on the Complement of the
Boolean Function Graph of a Graph, Mathematica Bohemica, 130(2005), No.3, pp. 247- 263.
[6]. S.Mitchell and S.T.Hedetniemi, Edge domination in trees, CongressusNumerantium, Vol. 19, pp. 489-
509, 1977.
[7]. S. K. Vaidya and R.M. Pandit, Edge Domination in Some Path and Cycle Related Graphs, ISRN
Discrete Mathematics, Vol. 2014, Article ID 975812, 5 pages.
[8]. S.Velammal, Equality of connected Edge Domination and Total Edge domination in Graphs,
IERST, N0:2319-7463, vol.3 Issue 5, May- 2014,pp.198-201.
[9]. S.Muthammai, S.Dhanalakshmi, Edge Domination in Boolean Function Graph

B(G, L(G), NINC) of a Graph, JIRSET Journal, Vol. 4, Issue 12,December 2015, pp.12346 —

12350.
[10]. S.Muthammai, S.Dhanalakshmi, Edge Domination in Boolean Function Graph B(G, L(G),
NINC) of Corona of Some Standard Graphs, Global Journal of Pure and Applied Mathematics, Vol. 13,
Issue 1, 2017, pp.152 — 155.

7 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com




